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Abstract
In this paper we construct a new kind of solutions of the Einsteins field equations with
non-vanishing cosmological constant, which possess some interesting physical properties.
The singularities of this kind of solutions are investigated. According to the general form
of this kind of solutions, we give some examples.
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1 Introduction
The Einsteins field equations with cosmological constant take the form
Rµν − 1
2
gµνR+ Λgµν =
8piG
c4
Tµν . (1.1)
where gµν(µ, ν = 0, 1, 2, 3) is the unknown Lorentzian metric, Rµν is the Ricci curvature
tensor, R = gµνRµν is the scalar curvature in which g
µν is the inverse of gµν , Λ is the
cosmological constant, G stands for the Newtons gravitational constant, c is the velocity of
the light and Tµν is the energy-momentum tensor. In a vacuum, i.e., in regions of space-time
in which Tµν = 0, the Einsteins field equations (1.1) reduce to
Rµν − 1
2
gµνR+ Λgµν = 0, (1.2)
or equivalently,
Rµν = Λgµν . (1.3)
The study on exact solutions of the Einstein’s field equations with cosmological constant
has a long history. There have been many beautiful results on this research topic (e.g. [1],
[2], [3]). As early as 1918, Kottler extended the Schwarzschild solution and obtained the
static spherically symmetric exterior solution with cosmological constant (see [4]). In 1951,
Nariai obtained a spherical symmetric and static character cosmological solution which could
not be transformed into the standard form(see [5]). Kramer et al got the Reissner-Nordsro¨m
exterior solution with cosmological constant (see [6]) in 1980. Xu et al ([7]) extended the
Florides’ solution to the case with cosmological constant in 1987. Recently, Kong and Liu
presented a metric of the following form
(gµν) =


u v p q
v w 0 0
p 0 ρ 0
q 0 0 σ


, (1.4)
where u, v, p, q, w, ρ and σ are smooth functions of the coordinates (t, x, y, z), and they proved
that under the assumption
g
△
= det(gµν) = uwρσ − v2ρ σ − p2wσ − q2wρ < 0 (1.5)
the metric (gµν) is Lorentzian, and they constructed some new solutions of the vacuum
Einstein’s field equations with vanishing cosmological constant (see [8]).
In cosmology, the cosmological constant Λ was proposed by Einstein as a modification
of his original theory of general relativity to achieve a stationary universe. Unfortunately,
Einstein abandoned the concept after the observation of the Hubble redshift indicated that the
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universe might not be stationary, since he had based his theory off the idea that the universe is
unchanging (see [9]). However, the discovery of cosmic acceleration in the 1990s has renewed
the interest in a cosmological constant. The Einstein field equation with cosmological constant
becomes one of the hot research problems ([10]-[12]).
In this Paper, we construct a kind of solutions of the vacuum Einstein’s field equations
with non-vanishing cosmological constant. We show that the Riemann curvature tensor and
the norm of the Riemann curvature tensor do not disappear when Λ 6= 0. According to the
general form of this kind of solutions, we give some examples.
2 Solutions with cosmological constant Λ
In this section, we first construct a new kind of solutions to the equations (1.3), then calculate
the Riemann curvature tensors, the norm of the Riemann curvature tensors and then analyze
the Weyl scalars of the solutions constructed.
In the coordinates (t, x, y, z), we consider the following line element
ds2 = (dt, dx, dy, dz)(gµν )(dt, dx, dy, dz)
T = udt2 + 2vdtdz − a2b2dx2 − a2dy2, (2.1)
where u, v, a are smooth functions of t, x, and b is a smooth function of t. It is easy to verify
that the determinant of (gµν) is given by
g
△
= det(gµν) = −v2a4b2.
Noting (1.5), it is easy to observe that the metric (gµν) is Lorentzian.
Using the line element (2.1), the field equations (1.3) are reduced to the following system
of differential equations
uv2x + uxxv
2 − uxvxv
2
+ vvta
2bbt − v2a2bbtt − 2v2abatbt − 2v2ab2att + 2vab2vtat = Λa2b2v2u,
(2.2)
v2baxat + v
2aaxbt + vabatvx − v2abaxt + va
2vxbt + a
2bvtvx − a2bvvxt
2
= 0, (2.3)
vxx = 2Λa
2b2v, (2.4)
2vxxva
2 − 2avvxax − v2xa2 − 2v2a2x + 2v2aaxx = 2Λa4v2b2, (2.5)
avxax + vaaxx − va2x = Λa4b2v. (2.6)
Here we only consider the case that the cosmological constant Λ > 0. In order to simplify
the above system, we take the following ansatz
a2b2 =
3
Λx2
. (2.7)
Substituting (2.7) into (2.4) yields
vxx − 6v
x2
= 0. (2.8)
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Equation (2.8) gives
v = mx3 +
c
x2
, (2.9)
where m = m(t) and c = c(t) are integral functions. Substituting (2.7) and (2.9) into (2.6),
it is easily to get
m = 0,
so the equation (2.9) becomes
v =
c
x2
. (2.10)
When a2b2 and v are given by (2.7) and (2.10), the equations (2.3) and (2.5) are automatically
satisfied. And the equation (2.2) is simplified to
x2uxx + 2xux − 2u = 6
Λ
(
2b2t
b2
− btt
b
+
btct
bc
). (2.11)
Solving (2.11), we obtain
u =
3
Λ
(
f
x2
+ hx− 2b
2
t
b2
+
btt
b
− btct
bc
), (2.12)
where f and h are integral functions of t.
From the above discussion, it is easy to have Theorem 1.
Theorem 1 The vacuum Einstein’s field equations with cosmological constant (1.3) have the
following family of solutions in the coordinates (t, x, y, z)
ds2 =
3
Λ
(
f
x2
+ hx− 2b
2
t
b2
+
btt
b
− btct
bc
)dt2 +
2c
x2
dtdz − 3
Λx2
dx2 − 3
Λx2b2
dy2, (2.13)
where f , h, c are integral functions of t, and b is an arbitrary smooth function of t. 
By direct calculations, the scalar curvature of (2.13) equals to 4Λ, and the Riemann
curvature tensor of (2.13) reads
R0101 =
6fb2c+ 15hx3b2c+ 6bttx
2bc− 12b2tx2c− 6btctx2b
2Λx4b2c
, (2.14)
R0202 =
6fb2c− 3hx3b2c+ 6bttx2bc− 12b2tx2c− 6btctx2b
2Λx4b4c
, (2.15)
R0303 =
Λc2
3x4
, (2.16)
R0113 = − c
x4
, (2.17)
R0223 = − c
x4b2
, (2.18)
R1212 = − 3
Λx4b2
(2.19)
and the other Rαβµν = 0. Moreover, we get the norm of the Riemann curvature tensors
R , RijklRijkl =
8Λ2
3
. (2.20)
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In general relativity, the Weyl scalars are a set of five complex scalar quantities Ψ0, ...,Ψ4
describing the curvature of a four-dimensional space-time. They are the expressions of the ten
independent degrees of freedom of the Weyl tensor Cµναβ in the Newman-Penrose formalism.
According to the physical interpretation in Szekeres [13], Ψ0 and Ψ3 are ingoing and outgoing
longitudinal radiation terms while Ψ1 and Ψ4 are ingoing and outgoing transverse radiation
terms, and Ψ2 is a Coulomb term representing the gravitational monopole of the source. By
GRTENSOR II program, the Weyl scalars of (2.13) read
Ψ0 = Ψ1 = Ψ2 = Ψ3 = 0, (2.21)
Ψ4 = −3x
5h
2c2
. (2.22)
From the above calculations, we easily have the following property.
Property 1 For any fixed t ∈ R, the non-vanishing Rαβµν −→∞ as x −→ 0.
On the other hand, the norm of the Riemann curvature tensors R =
8Λ2
3
is invariable.
This suggests that x = 0 is not a real physical singularity but a geometric one which is a
result of a bad choice of coordinate.
3 Examples
In this section, we give some examples according to (2.13) in Theorem 1 and give some
detailed analysis.
Example 1
Let f = h = t2 + 1 and c = b = 1. The line element (2.13) is reduced to
ds2 =
3(t2 + 1)
Λ
(
1
x2
+ x)dt2 +
2
x2
dtdz − 3
Λx2
dx2 − 3
Λx2
dy2. (3.1)
It is easy to get
g
△
= det(gµν) = − 9
Λ2x8
. (3.2)
According to (2.14)-(2.19), the non-zero components of Riemann curvature tensor of (3.1)
are
R0101 =
(t2 + 1)(6 + 15x3)
2Λx4
, (3.3)
R0202 =
(t2 + 1)(6 − 3x3)
2Λx4
, (3.4)
R0303 =
Λ
3x4
, (3.5)
R0113 = − 1
x4
, (3.6)
R0223 = − 1
x4b2
, (3.7)
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R1212 = − 3
Λx4
. (3.8)
From (3.3)-(3.8), we have the corresponding Riemann curvature tensor satisfies Property 1.
Thus x = 0 is a geometric singularity of the spacetime described by (3.1).
Moreover, it is easy to see that the t-axis stands for the time-axis when x > −1 and the
z-axis stands for the time-axis when x < −1. When x = −1, the line element (3.1) reduce to
ds2 = 2dtdz − 3
Λ
dy2. (3.9)
When x > −1, for any fixed t ∈ R, it follows from (3.1) that the induced metric of the
time-slice reads
ds2 = − 3
Λx2
(dx2 + dy2). (3.10)
When x < −1, for any fixed z ∈ R, the induced metric of the time-slice is
ds2 =
3(t2 + 1)
Λ
(
1
x2
+ x)dt2 − 3
Λx2
(dx2 + dy2). (3.11)
Example 2
Taking f = 2+ sin t, c = cos te− sin t, h = 0 and b = esin t, the line element (2.13) becomes
ds2 =
3(2 + sin t)
Λx2
dt2 +
2cos t
x2esin t
dtdz − 3
Λx2
dx2 − 3
Λx2e2 sin t
dy2. (3.12)
In this case, we have
g
△
= det(gµν) = − 9 cos
2 t
Λ2x8e4 sin t
. (3.13)
According to (2.14)-(2.19), the non-zero components of Riemann curvature tensor of (3.12)
are
R0101 =
3(2 + sin t)
Λx4
, (3.14)
R0202 =
3(2 + sin t)
Λx4e2 sin t
, (3.15)
R0303 =
Λcos2 t
3x4e2 sin t
, (3.16)
R0113 = − cos t
x4esin t
, (3.17)
R0223 = − cos t
x4e4 sin t
, (3.18)
R1212 = − 3
Λx4e2 sin t
(3.19)
From (3.13 ), we obtain that t = kpi + pi/2 k ∈ N is the degenerate singularity. Moreover,
from (3.14)-(3.19), we get the Riemann curvature tensor of (3.12) satisfies Property 1. Thus,
we also have x = 0 is a geometric singularity of the spacetime described by (3.12).
Fixing y and z, we get the induced metric
ds2 =
3(2 + sin t)
Λx2
dt2 − 3
Λx2
dx2. (3.20)
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Consider the null curves in the (t, x)-plan, which are defined by
3(2 + sin t)
Λx2
dt2 − 3
Λx2
dx2 = 0. (3.21)
Then we get
dt
dx
= ± 1√
2 + sin t
(3.22)
For any fixed t ∈ R, it follows from (3.12) that the induced metric of the t-slice reads
ds2 = − 3
Λx2
dx2 − 3
Λx2e2 sin t
dy2. (3.23)
Example 3
Take
f = sn2(t, k), h = cn2(t, k) (3.24)
and
c = dn2(t, k), b =
√
3, (3.25)
where sn(t, k), cn(t, k) and dn(t, k) are Jacobi elliptic functions in which 0 < k2 < 1 is the
elliptic modulus. Then we can get the following solution
ds2 =
3
Λ
(sn2(t, k)
x2
+ cn2(t, k)x
)
dt2 +
2dn2(t, k)
x2
dtdz − 3
Λx2
dx2 − 1
Λx2
dy2. (3.26)
Let k → 0, we get
ds2 =
3
Λ
(sin2 t
x2
+ x cos2 t
)
dt2 +
2
x2
dtdz − 3
Λx2
dx2 − 1
Λx2
dy2. (3.27)
On the other hand, let k → 1, then we have
ds2 =
3
Λ
(tanh2 t
x2
+ xsech2t
)
dt2 +
2sech2t
x2
dtdz − 3
Λx2
dx2 − 1
Λx2
dy2. (3.28)
Here we do not give the detailed analysis of the solution (3.26) which is similar to example 2.
4 Conclusion
The general form (2.13) is a new family solutions of the vacuum Einstein’s field equations
with non-vanishing cosmological constant. According to it, we construct some new exact
solutions and investigate the properties enjoyed by these solutions. Moreover, by the line
element (2.13), we can also get some known solutions. For example, take
h = 0, b = 1, (4.1)
and
c =
3f
2Λ
, (4.2)
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then we have
ds2 =
3f
Λx2
dt2 +
3f
x2Λ
dtdz − 3
Λx2
dx2 − 3
Λx2
dy2, (4.3)
Define
z = z˜ − t (4.4)
and
dt˜ = fdt. (4.5)
In the coordinates (t˜, x, y, z˜), the line element (4.3) becomes
ds2 =
3
Λx2
(dt˜dz˜ − dx2 − dy2), (4.6)
Next, define
t˜ = t¯+ z¯ (4.7)
and
z˜ = t¯+ z¯. (4.8)
Then in the coordinates (t¯, x, y, z¯), we obtain
ds2 =
3
Λx2
(dt¯2 − dz¯2 − dx2 − dy2), (4.9)
which is conformal to the Minkowski space time. Thus, the general form (2.13) obtained in
this paper is worth studying. We expect some applications of this new kind of solutions with
cosmological constant presented in this paper to modern cosmology and general relativity.
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